CHAPTER 3

Problem 3.1
From the given data,
LI o> = Q2xf,) = (87)?° = 641 (a)
m
_k (w))* = Qzf))* = (67)° = 367
m + Am
(b)
Dividing Eq. (a) by Eq. (b) gives
Am 16
l + — = —
m 9
m = gAm = 23 = wlbs/g ()
7 7g g
From Eq. (a),

k= 642m = 642 3% _ 1052 Ibs/in.  (d)
g
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Problem 3.2

At w = w,, from Eq. (3.2.15),
u, = (uy,) L 2 (a)
[ st /o 24/

At w = 0.1w,, from Eq. (3.2.13),

n’
u, = (uy), = 0.2
Substituting (1), = 0.2 in Eq. (a) gives
¢ =0.05
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Problem 3.3

Assuming that damping is small enough to justify the
approximation that the resonant frequency is @, and the
resonant amplitude of R, is 1/2¢, then the given data
implies:

a 1
(uo)a) =w, ~ (ust )o 2_4, (a)

1
[1 - (@)?] +[2¢0/0,]

(U5) 0 - 120, = (1), \/

1
= ( st)o (b)
! JI = (L2727 + [2¢(1.2)F
Combining Eq. (a) and Eq. (b):
1 (ua)i):LZ(un ’ _ 1
QO | @), (-0.44)> +(2.4)°
()
For
(uo)a): 120, l

(un)w = a)ﬂ 4
Equation (c) gives
647 = 0.1935 + 5.768° = ¢ = 0.0576

Assumption of small damping implied in Eq. (a) is
reasonable; otherwise we would have to use the exact

resonant frequency = @, 4/1 — 2¢% and exact resonant
amplitude = (u, ), /[24: 1-2¢° } .
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Problem 3.4 (d) Summarizing these results together with given data:

(a) Machine running at 20 rpm.
ol o, () r o (o) r = 925
© _20 _
o, 200 . 0.1 0.2 0.1997
0.9 1.042 0.4053
u, = Uado (@) 3.0 0.0248 0.0243
‘1_(60/(0/1 )2‘
or The isolator is effective at w/@, = 0.9; it reduces
the deformation amplitude to 39% of the response without
_ (ust )o _ H . . .
0.2 = m = (ug), =0.1980 in. isolators. At w/w, = 0.1 or 3, the isolator has essentially

no influence on reducing the deformation.
For ¢ = 0.25 and w/w, = 0.1,

1

u, = (ty), = = ®
J[l - (@o,)] + [2¢w/e,]
or
1
u, = 0.1980
VI = (0.17F + [2(0.25)(0.)]
= 0.1997 in.

(b) Machine running at 180 rpm.

o 180 4y

w, 200
From Eq. (a),

1.042 = Lz = (u,), = 0.1980 in.

1= (0.97]
For & = 0.25 and w/w, = 0.9, Eq. (b) reads
1
u, = 0.1980
27? 2
\/[1 ~ (0.9) ] + [2(0.25)(0.9)]
= 0.4053 in.

(c) Machine running at 600 rpm.

@ _ 800

o, 200
From Egq. (a),

0.0248 = (”—f)2 = (u,), = 0.1980 in.

IO

For ¢ = 0.25 and w/w, = 3, Eq. (b) reads
1

JI = G + [2(0.25) )
=0.0243 in.

u, =0.1980
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Problem 3.5
Given:
w = 12001bs, E = 30 x 10° psi,

I =10in.*, L

8ft; <= 1%

(ﬂ] 27 = 107zrads/sec
60

p, = 601bs; o

Stiffness of two beams:

k=2 (4851j = 32,552 lbs/in.
L

Natural frequency:

o, = Ko D322 102.3 rads/sec
m w/g 1200/386

Steady state response:

R, =

1

277 2
= @ + 260o,]
where w/w, = 107/102.3 = 0.3071. Therefore,

1

Ry = 2 2
JI1 = 0.0943F + [2 x 0.01 x 0.3071]

= 1.104

Displacement:

Po
u, = (ust)n Rd = TRd

(9

__ 60 1.104 = 2.035 x 10~ in.

32,552

Acceleration amplitude:

i, = o'u, = (107)*2.035 x 107

2.009 in,/sec’ = 0.0052¢g

o
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Problem 3.6

In Eq. (3.2.1) replacing the applied force by p, coswt?
and dividing by m we get

iU+ 2¢w,u + a)iu = Lo coswt (a)
m

(a) The particular solution is of the form:
u,(t) = Csinwt + D coswt (b)
Differentiating once and then twice gives
u,(t) = Cocoswt — Do sin ot (c)
i, (1) = —Cw? sinwt — Dw? cos wt (d)
Substituting Egs. (b)-(d) in Eq. (a) and collecting terms:
[(a)ﬁ - w?)C - 26w, D] sin wt
+ [2{(0,160 C + (0 - 0) D] coswt = L2 cos ot

m

Equating coefficients of sin @t and of COS @f on the two
sides of the equation:

(02 - 0*)C - 2lw,w)D = 0 (e)
(240,0)C + (0, ~ @)D = L& (f
Solving Egs. (e) and (f) for C and D gives
c=2 ) 22560,[&) ) (&)
m (0, - 0°)" + (200,0)
D=% w, — o (h)

m (0} — &) + (2lw,0)
Substituting Egs. (g) and (h) in Eq. (b) gives
Po [1 - (a)/a)n)z]cos wt + [ZCfa)/a)n]sin wt

k [1 — (a)/a)n)z]2 + [2§a)/a)n]2

(b) Maximum deformation is wu, = VCZ + D*.

Substituting for C and D gives

u,(t) =

Do 1
“ I - @oT + [2¢wo,]

This is same as Eq. (3.2.11) for the amplitude of
deformation due to sinusoidal force.
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Problem 3.7
(a) The displacement amplitude in given by Eq. (3.2.11):
-1/2
u, = (), [0 = B + (26B)] ()

where f = w/w, . Resonance occurs at f when u, is
maximum, i.e., du,/df = 0. Differentiating Eq. (a) with
respect to [ gives

[a - p + ecp?]
x[20 - B2 (28) + 22¢p2¢] = 0

1
2

or
~4(1 - Y +8p =0

or

1- B2 =22 = p=41-27 (b)

Resonant frequency:

®, = ®,41 - 207

(b) Substituting Eq. (b) in Eq. (a) gives the resonant
amplitude:

1
J2&)? + 42 (1 - 28)

u() = (uSt )0

or
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Problem 3.8 . P, 1

i, = - ——
(a) From Eq. (3.2.19) the acceleration amplitude is m261 - sz
2
i = Pop :_p_o(gJ R,
m m \w,
Po Vi

-k @
o=+ epr]”

where f = w/w, . Resonance occurs at f where ii, is
maximum, i.e., dii,/df3 = 0. Differentiating Eq. (a) with
respect to f and setting the result equal to zero gives

1
(1-8°)* +(2¢B)

(‘f] [a =522 + s [-ap (0 -2 + 8§zﬂ]}=0

{zﬁ [a-p27 + cpr |-

Multiplying the numerator by [(1 — #2)? + (2¢8)*]"?
and dividing it by S gives

2[(1 - BH? 4 4§2ﬂ2] - %2[—4(1 - BY + 84“2] _

or

1_2ﬂ2 +ﬁ4 +4§2ﬂ2 +ﬂ2 _ﬁ4 _2§2ﬁ2 =0

or
1

1=p°0-2% 2= —— (b)
J1 =28

Resonant frequency:

o = % (©)

oo
(b) Dividing both the numerator and denominator of
Eq. (a) by 87 gives:

. P, 1
i, = 7 (d)

m . 2 ar?

5 %
Substituting Eq.(b) in Eq.(d) gives the resonant
amplitude:

Do 1

w28y 4 a2 a - 28]

MOZ
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Problem 3.9
(a) From Eq. (3.2.17), the velocity amplitude is

PO p PO | @ |,
RN m[wjd
__Po B @)

Vkm [(1 - g2 + 2¢8)*1 2

where f=w/®,. Resonance occurs at B where uis
maximum, i.e., du,/df = 0. Differentiating Eq. (a) with

respect to £ and setting the derivative equal to zero gives
[(1-87) +(2¢B)° T -
g[a—ﬁzf +QEAYT P22 +2(24 B2 1=0

Multiplying the numerator by [(1—,6’2)2+(2§,6’)2]3/2
gives

(-5 +2 c:ﬂ)z]—f [20-£°)(=28)+2(2£ f)(2£)]1=0
or
1-28%+ B+ 402 B2 - B (2B +2°+4° ) =0
or

p=1=p=1 (b)
Resonant frequency:

0, =0, (©)
(b) Substituding Eq. (b) into Eq. (a) gives

g Po 1
0" Jim 2
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Problem 3.10

We assume that the structure has no mass other
than the roof mass.

From Eq. (3.3.4),

) 2
i, = M(i) R @)
m o,

At ®w = w,, R, = 1/2¢{ and Eq. (a) gives

(="} (b)
2u, m

Given:

m, = 2 x 50/g = 1001lbs/g = 0.1kips/g

m = 500 kips/g
e = 12in.
w, = 2xf, =27 x 4 =8z
i, = 0.02g = 7.72 in/sec’
Substituting the above data in Eq. (b) gives
1

=12 @n)? = 00982 = 982%
2(7.72) 500
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Problem 3.11

The given data is plotted in the form of the frequency
response curve shown in the accompanying figure:

10
an
¥ —— 86 — [ I
o 8l
=}
> :
=
E 6~ 608
§ 4 5
| =
k> : -
8 2 ot ¢
2 5 g
0 1 11
13 14 1.5 1.6 1.7
Frequency, Hz

(a) Natural frequency
The frequency response curve peaks at
f, = 1.L487Hz

Assuming small damping, this value is the natural
frequency of the system.

(b) Damping ratio
The acceleration at the peak is 7,,, = 8.6 x 107g.

Draw a horizontal line at r,,,, + J2 = 6.08 x 107 g to

obtain f, and f, in Hz:

eak

f, = L473Hz  f, = 1.507Hz
Then,
— f, 1507 — 14
o do = Ja LSO7 2 LATS 0
2f, 2(1.487)
= 114%
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Problem 3.12
(a) Transmissibility is given by Eq. (3.5.3) with { = 0.
Thus the force transmitted is

1

(f1)o = Po T/wn)z‘

where @, = |/g/J, and @ = 27 f. Therefore

1

(fT)o = po 2
_ A

(a)
26,

(b) For (f1), = 0.1 p, and f = 20, Eq. (a) gives
1

0.1 =
1 - (47/386) (20)" &,

47

1 - 2=
386

(20)* 6, = 10 =

471'2 2
%(20) 5&1‘ = -9 or 11

The negative value is invalid. Therefore,

11

= —— = 0.269in.
(47%/386) (20)°

y
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Problem 3.13

The equation governing the deformation u(¢) in the
suspension system is

mi + cu + ku = — miig (1) (a)
where u () = u,, sinwt and @ = 27v/L.
Substituting in Eq. (a) gives

mii + cu + ku = ma)zugo sin @t (b)

The amplitude of deformation is

ma)zugu
U, = (ust)o Rd = —Rd
k
The amplitude of the spring force is
.f.‘S‘o = kuo = ma)zugoRd (C)
where
1
R, = (d)

- @oT + [260/0,]
Numerical calculations:

k = 800 Ibs/in.; m = 4000/386 Ib-sec/in.

Uy, = 3in.
®, = 8.768 rads/sec; @ = 3.686 rads/sec
o/ow, = 0.420

Thus Eq. (d) gives
_ 1
\/[1 — (0.42)°1* + [2(0.4)(0.42)]°

R, = 1.124

Substituting @, and R; in Eq. (c) gives

fo = %(3.686)2 3(1.124) = 474.8 Ibs
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Problem 3.14
Ug (1)= Ugy SINOT = iy (1)= —a)zugo sinwt
ey () = —mii,(t) = mo*u,, sinot = p, sinwt
mo*u ?
8o @
Up = (ust)o Rd =TRd = ugo(a)_J Rd = ugoRa

n
Spring force: fg = ku,

The resonant frequency for f is the same as that for
u,, which is the resonsnat frequency for R, (from section
3.2.5):

= ﬂ =10.655 rads/ sec

B \1-2(04)?

Resonance occurs at this forcing frequency, which
implies a speed of

oL (10.655)100
V=—=—

=169.6 ft/sec = 116 mph
2r 2r
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Problem 3.15

Given: w = 2000 lbs, f = 1500 cpm = 25 Hz, and
7R = 0.10

For an undamped system,
1

TR:mzo.l

For TR < 1, ®/®, > /2 and the equation becomes
1
(a)/a),,)2 -1
(0w, =11 = oo, = 3.32
o = @ :27zf _ 27 (25)
T332 332 3.32
k = o’m = o>w/g = (47.31)* 2000/386
11.6 kips/in.

=01 =

= 47.31rads/sec
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Problem 3.16

The excitation is
. . 2 .
ug(t) = ug, sinwt or iy(t) = —w u,, sinwt (a)

The equation of motion is

mi + cu + ku = p.(t) (b)
where
Perr (1) = —miiy(t) = @’mug, sin ot

(c)
The deformation response is given by Eq. (3.2.10) with p,
replaced by w’m Ugy'
2
w'mu,, )

u(t) = Tg R, sin(wt — @) (d)
where R; and ¢ are defined by Eqgs. (3.2.11) and (3.2.12),
respectively.

The total displacement is

u' (1) = u(?) + ugy (1)

Substituting Egs. (a), (d), (3.2.11) and (3.2.12) gives
(0/0,) u,,

[1-(0/0,)] +(c0fo,)

X { [1 - (a)/a)” )z]sina)”t - [ZCa)/w”]coswt}

u
g0

&

[1-(0/0,)] +(c0/o,)
x {[1— (w/a)”)z -+—4§2 (a)/a)n )2] sinw ¢ 724’((1)/60”)3 coswt}

u' (1) = Uy, sinw, t+

(e)
Equation (e) is of the form u’ () = Csinwt + D cos wt;
hence u!, = \lCZ + D*. Substituting for C and D gives

1/2

2
i =u 1+(2¢w/w,) ®

¥ [1—(w/a)n)2]2 +[2§a)/a)n]2

Equation (f) is the same as Eq. (3.6.5).
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Problem 3.17

The accelerometer properties are f, = 50 cps and
¢ = 0.7; and the excitation is

U (1) = 0.1gsin (2zf1); f = 10,20and 40 Hz  (a)

Compare the excitation with the measured relative

displacement
u(t) = [(=1/@}) R, Jiiy (¢ - ¢/ 0) (b)
where
Ry = 3 ©
Il - @o, T + [2¢wo,]
and
-1 2§ a)/a)n
= - e el B d
¢ = tan {1—(@/(0,1)2} (d)

Because the instrument has been calibrated at low
excitation frequencies, after separating the instrument
constant — 1/ @? , the recorded acceleration is

iy (1) = Ryiig(t = ¢/o) ©)

For a given f (or ®), w/®w, is computed and
substituted in Egs. (c) and (d) to calculate R, and ¢. With
R, and ¢ known for a given excitation frequency, the
recorded acceleration is given by Eq. (e).

The computed amplitude R; and time lag ¢/w agrees
with Fig. 3.7.3. The difference between R, and 1 is the
error in measured acceleration (Table P3.17).

Table P3.17
(P{z) oo, R, dlw, sec (y;)nerlgjr
10 0.2 1 0.0045 0
20 0.4 0.991 0.0047 0.9
40 0.8 0.850 | 0.0050 15
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Problem 3.18 f £ 480Hz
From Eq. (3.7.1),
W, u(t) = ~ Ry il (t — $jo)
= — Ry iig, sin 2zft — ¢)
and therefore,
a)l’lu() 1
g0 \/[1 - (0l w,) ] + [24’60/0),,]

Equation (a) is plotted for £ = 0.6, the accelerometer

(a)

damping ratio:

1.5

1.01

0.194

LY oW ,

0 0.5 1 1.5 2

P flf. or oo,

Error < 1%

We want to bound R; as follows:
0.99 < R, <101 (b)

The relevant condition is R; < 1.01 because we are

interested in a continuous range of frequencies over which
the error is less than 1%. Therefore, impose

1
\/[1 ~ (00T + [2¢0/0,]

Defining f = o/w

=101 (o)

Eq. (c) can be rewritten as

n?

2
g2y 2 (L
(1=47)" + (2¢P) _(1.01j =

S - 056/ + 1 = 0.9803 =
B - 0.56" + 0.0197 = 0 =

B = 0.0377, 0.5223 = B = 0.194, 0.723

Choose S = 0.194 (see figure) which gives the desired
frequency range:

£ <0194 £ = 0.194(25) =
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Problem 3.19 which gives the desired frequency range:
From Eq. (3.7.1), f £ 0.405 f, = 0.405(50) =
o, u(t) = = Ryii,(t — /o) f < 20.25Hz
= — Ry iy, sin Qxft — @)
and therefore,
w,u, 1
G, T z ;@
20 \/[1—(0)/@”)2] + [2¢0/@,]

Equation (a) is plotted for £ = 0.7, the accelerometer
damping ratio:

1.5

{5 o o,

Error < 1%

We want to bound R as follows
0.99 < R; <101 (b)

The relevant condition is 0.99 < R, because R; is always
smaller than 1.01 in this case. Therefore, impose

1
\/[l - (a)/a)n)z]2 + [Zéaw/a’n]2

Defining f = @/w, , Eq. (c) can be rewritten as

=0.99 (0

2
gy (1
(1=-87)" +2¢h) (0.99j =

B - 0048% + 1 = 10203 =
LY - 00487 - 00203 = 0=
£ = 01239, 01639

Take only the positive value:

ﬂz = 01639 = g = 0405
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Problem 3.20
From Eq. (3.7.3),

= =R, (a)

For maximum accuracy, u, /u,, = 1; this condition after
using Eqgs. (3.2.20) and (3.2.11) for R, gives

(0/®,)
2 2
\/[l - (a)/a)n)z] + [2§w/a)n]
Squaring, simplifying and defining f = o/w, :
(1= + P =p'=
1-2p% + 407 = 0=

21 _ 1
d 2 4p?

For w/w, >> 1 (f >> 1),

=1 (b)

1
;2 == = 0.707
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Problem 3.21
From Eq. (3.7.3),

2
o _ Ra — (C()/C()n) (a)

8o \/[1 - (a)/a)n)z]z + [2Ca)/a)n]2

Equation (a) is plotted for ¢ = 0.6, the instrument
damping ratio:

15
1.01
1
R,
— -
0.5 | Error
<1%
1.383 5.149
0 1 1 1/ 1 1 1 1 1 1 \
0 1 2 3 4 5 6
flf. or oo,
We want to bound R, as follows (see figure)
R, £ 1.01 (b)

Therefore imposing R, = 1.01 which, after defining
p = oo, , gives

ﬁz
Ja = B+ By

Squaring this equation gives

= 101

(- B2 + (2087 = | £ -
1.01

1 - 287 + p* + 14487 = 098034* =
001978% - 0568%> + 1= 0=
B? = 1914, 2651 = B = 1383, 5149

Choose f = 5.149 (see figure) which gives the desired
frequency range:

f > 5149/, = 5.149(0.5) =
f > 2.575Hz
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Problem 3.22
From Eq. (3.7.3),

2
°o — R = (C()/C()n) (a)

Ugo \/[1 - (a)/a)n)z]z + [2{@/60,1]2

Equation (a) is plotted for ¢ = 0.7, the instrument
damping ratio:

1.5
1
R, 0.99
05| —s= Error < 1%
2470
0 . 1 . 1 \. 1 . 1 . 1 .
0 1 2 3 4 5 6

flf. o wfo

Since R, is always smaller than 1.01, we want to bound
R, as follows

R > 0.99 (b)

Therefore imposing R, = 0.99 which, after defining
p = olo,, gives

IBZ
o7y = = 099
(1= 87" + (2P

Squaring this equation gives

(- B2 + gp)? = | L .
0.99

1 - 28% + B* +1968% = 1.02038* =
0.02038% + 0048° - 1= 0=
B* = —8073, 6102
Take only the positive value:
£ = 6102 = B = 2.470

which gives the desired frequency range:
f =2 2.470f, = 2.470(0.5) =

f > 1.235Hz
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Problem 3.23
From Eq. (3.8.1),

ED =2 ﬂé (a)/a)n) kug (a)
where
p
= Lo p b
u, d ( )

In Eq. (a) substituting Eq. (b) and Eq. (3.2.11) for R, gives

D, 24w,

k [1-(@o,7] + [2¢0/o,]

Ep
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Problem 3.24

From Eq. (3.8.9) the loss factor is

1 E
§= -2 (@)
27 Eg,

where E, = mcw uf and Eg = kuf /2. Substituting
these in Eq. (a) gives

cw

= (b)
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Problem 3.25

Based on equivalent viscous

damping, the
displacement amplitude is given by

u, - (@ @p)E)”

= (a)
(ust)a 1 - (w/wn)Z
From the given data
F_50 1
p, 100 2
o _ L 025 e
o, T 0.3

Substituting these data in Eq. (a) gives

w1 -[@ma) )"

> =252
(g), 1 - (0.833)
Now,
p
(ug), = 70
where
p, = 100 kips
) 500
k=owim=|2| 2 =@r)=
T, ) g 386
= 818kips/in.
Thus
100 .
' = — = 0.1222 in.
(ubt)() 818
and

u, = 2.52(0.1222) = 0.308 in.
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Problem 3.26 where (u,), = p,/k and B; = jwy/w, . Equation (f) is
indeterminate when f; = 1; corresponding values of T;
are 1., 3T, 5T, etc.

2
ri®)=p, [1 _T_tJ 0<t<T/2 (a (c) For T, /T, = 2nﬂj = joy/o, = jT,/Ty = j/2 and

(a) p(¢) is an even function:

’ Eq. (f) becomes
T,/2 T/2 o0 .
u(t 116 27jt
o= [ poas 2T g f1- el w118 S e
T, T T, 0 T, (uy), 2 T3 ] 4 - ) T,
0
Po
T2 ®) 1
2 T/2 0.8 7 two terms - ------
= / three terms
ay=-— Ip(t) cos (jw,t)dt i
0_71/2 u(ty 08¢
/2 () f
_in l—it cos (jwot)dt st’o 04
" " 02|
4p 1 L2 2 B2 .’
0 . . 0 .
=——<——|sin(joy)| -— |¢ t)dt o-—
T, ja)o[sm(]wo A T J cos (jo) 0 02 04 06 08 1
0
Iy t/TO
8 27 jt
=—L20 J.t cos zJ dt
i 7

Because of the j* in the denominator of the series, two

. \7%/2 . \7%/2
__Ap0 Y| anl 271, LT B . terms are enough to obtain reasonable convergence of the
0 series solution.

JEyD
4p
. 0 j =135,
na; =9 g2 j2 (c)
0 Jj =246,
b, = 0 because p(t)is an even function (d)
Thus the Fourier series representation of p(z) is
o0
Py, AP, 1 .
plt) = == + === > —cos (jayl) ©)
2 T =135 J

(b) The steady-state response of an undamped system is
obtained by substituting Egs. (b), (¢) and (d) in Eq.
(3.13.6) to obtain

4 o0
u(®) ==+ — z Q(I;_ﬂ%)cos(jwot)
j

1
(ust)o 2 z j=13,5- J

¢
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